2nd Midterm Review Sheet, Dr. E. Fink

Extra office hours: Monday March 13, 2:30-3:30 pm in 205G, 585 King Edward.

Tests for convergence:
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Do the following series converge absolutely?
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Find radius and Interval of Convergence:
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Taylor and MacLaurin series

Give the MacLaurin series and their radii of convergence for the following functions. Note that
often it is easier to quote the popular series or substitute into one that you know. You might also
use the method of integrating or deriving a series that you already know as shown in class.

L. i 8. cos(3z?)
2. ¢ 9. In(x3)
3. sinx Lo, /)
4. cosx
11. e~22"

5. arctanx

Recall that [ 1% = arctan(z) + C. 12. z - cos(x)
6. In(1+x) 13. cos(z?)

7. (1+ )k 14. - cos(32?)



Compute the Taylor Series of the following functions at the given point x = a:

l.e*atx=1 3. cos(z) at x = /2

2. In(z+1)atx=3 4. f(x)=a%+ T2t +322 + L at z = 1.

Do you remember these facts?
1. What is the series Y.~ , % called? Does it converge?
2. What is the series Yoo (—1)"*!1 called? Does it converge?

3. What is the series Zf:o q" called? Does it converge? If so, what is its sum?

4. What is absolute convergence? Give an example of a series that converges but does not
converge absolutely.

If a series converges absolutely, does it converge?
If a series converges, does it converge absolutely?

Give the formula for the Taylor Series of a function f(x) centered at x = a.

® N = o«

Give the formula for the MacLaurin Series of a function f(z).

Good luck with studying!



Solutions to the 2nd practise sheet, Dr. E. Fink

Tests for convergence:

(a) Y00, n2e="": Integral test (subsitute u = 6’13), converges.

(b) >, W: Integral test (substitute u = (In(x))), converges.

()
(d)
(e)
(f)
()
(b)

(i)

[e%S) 1 . . . 1 . .
> k=1 745 This sum is less than 75, which converges, so the series converges.

pOya \/1;? exponent of the a; is 1 —5/2 = 3/2. Compare to ) # => # which converges.

27 . . . . .
Yooy 3 +85+51: exponent is 2 — 3 = 1, compare to the harmonic series to show it diverges.

In(i)

7

POy lni(i’): Compare to the harmonic series as for ¢ > 2 we have

1 .
> . Diverges.

00 el/n . .
> meq S Ratio test, converges.

S (1)t n?i 7. Alternating series test shows it converges. Hint: by using the derivative

of an appropriate function you can show faster that the sequence is decreasing.

Zzo:l(—l)"Qﬁ;g: Alternating series test, converges. Use again the derivative of a function to

show the sequence is decreasing for at least n > 2 (in fact a1 < a9 here, but as stated in class
it is enough if it decreases for all n > N for some fixed N).

PO 163”: Ratio test shows it diverges. Faster: observe that lim,, % # 0, which imme-
diately gives divergence.

—2)" .
Zf’:l ( n”) : Classic root test case, converges.

S (=1t -2 Alternating series test, converges conditionally. It does not converge ab-

solutely as > 7 nQLH can be shown to be bigger than Y7 | # which diverges.

Find radius and Interval of Convergence:

oo (2z—1)",
LYo 5 NG
For the radius we need to observe for which x the series converges. The form of the terms in
the series suggests that the root test might be successful:

L= tim G2y, e

Now |2z — 1|/5 is independet of n, so we can put it in front of the limit:

20 -1 .. 1
=-——— . lim
5 Nn—00 1Y

L

5



The latter limit now is 1. So we get that L = 7\2955— 1

if L <1 and diverges if L > 1. So we check:

. The root test says that this converges

|22 — 1]
— <

L,
5

which taking the absolute value into account is

2x—1<
5 b

2x — 1 2x — 1
x5 <1 and _(x5 ><1.

Case 1 becomes 2x —1 < 5 or v < 3. Case 2 becomes 2x —1 > —5 or x > —2. Now we
need to check the edges of this interval, in other words does the series converge if x = 3 or if

+

so we have to cases:

x = —27 For x = 3 the series is rewritten as >~ , (2;?/15)” =3 ﬁ We can see that
[e.°] o0
1 1
PN ED
n=1 \/ﬁ n=1 n

and we know that the latter series (the harmonic series) diverges, so the series > 7, %

diverges too. Hence z = 3 is NOT included in the interval of convergence. For z = —2 we
get >0, % =>, (?/1% -. We can use the alternating series test to show that this
series converges. So x = —2 is included in the interval of converges.

(2z—1)"

To sum up, the series > - smm converges for —2 < z < 3. For the radius, we calculate

the length of the interval: 3 — (—2) = 5. The the radius is the length divided by 2, so here
we get g as radius of convergence.

Don’t forget to check the edges in any examples, it’d be a deduction of points!

DD % root test gives the inequality |§| < 1 from which we get the two cases x < 3 and
x > —3. For x = —3 the series becomes the alternating harmonic series, so it converges by
what we learned in class. For x = 3 we have the harmonic series, which diverges. Hence the

interval of convergence is —3 < x < 3 and the radius is (3 — (—3))/2 =6/2 = 3.

n ICE=-Niandl

DD (fﬂ_ﬂ : Use the ratio test, for L = lim,, 0o % = |z —2|. Then |z — 2| < 1 gives
|n<+41]

z < 3 and z > 1. For the edges, for x = 1 the series becomes Y > % and this converges

and for z = 3 the series converges too. So the interval of convergence is 1 < z < 3. The

radius is 3 —(1))/2=2/2=1.

DD W: Root test gives the inequality [ZH| < 1 from which we get the two cases

z < 3 and = > —5. For both edges x = —5 and = = 3 the series diverges, so the interval of
convergence is —5 < x < 3 and the radius is (3 — (=5))/2 =8/2 = 4.



Taylor and MacLaurin series

Give (quoting from textbook allowed!) the MacLaurin series and their radii of convergence for:

Please take these from the table in the textbook page 762, Chapter 11.10.

10.
11.

12.

13.

14.

. sinx

COS T

. arctanx

. In(l+z)

(14 z)*

. cos(3z?): Substitute 3x2 into the series for cos(z)

n=0
So
— (—D)"(322)* X (—=1)"(3x)*n (—1)"81a"
s = 3 S S
| ! |
= (2n)! = (2n)! (2n)!
. In(a?)
oA/ (@+3)
2 00 —2z2)" oo —2)" .2
e =y Bl S
We use that e* = > %L Use —2z? in place of z. Then we get > _, (_27:,!2)”
o G2

_ nIQn _ nm2n _ nm2n+1
x-cos(z) = a3 07, ( (12)71)! =m0 (a: ( (12)77,)! ) =m0 ( 12%)1 :

_1\n I2 2n _ nx4n

cos() = oo “ar— = Lo e
o (=)™ . s
eeos(hat) =2 S0 g — = Lota (v ) = Soe S




Do you remember these facts?

1. What is the series Y7, % called? Does it converge?
This is the harmonic series and it diverges.

2. What is the series o2 (—1)"*11 called? Does it converge?

n
Alternating harmonic series, converges to In(2).
3. What is the series Y-, ¢" called? Does it converge? If so, what is its sum?

Geometric series, converges if |g| < 1 to fq.

4. What is absolute convergence? Give an example of a series that converges but does not
converge absolutely.

A series > a, converges absolutigy if >0 lan] converges. The series > o, (—1)"L
converges, but >0, [(=1)"1| =377 L diverges.

5. If a series converges absolutely, does it converge?

Yes, as this means Y7 |a,| converges, and > " |an| > D77 an, so by the comparison
theorem the series converges.

6. If a series converges, does it converge absolutely?
No. See the example of the alternating harmonic series.

7. Give the formula for the Taylor Series of a function f(x) centered at x = a.

n

©  £(n)(g
fa) =3 D
n=0 !

8. Give the formula for the MacLaurin Series of a function f(z). This is the Taylor Series
centered at a = 0:

n!

> £(n)
n=0

Good luck with studying!



